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Abstract 

If A V and A W are two Brzezinski crossed products and Q : W <S> V —)> 
U® IE is a linear map satisfying certain properties, we construct a Brzezinski crossed product 
A 0s,ff {V ® W). This construction contains as a particular case the iterated twisted tensor 
product of algebras. 


Introduction 

The twisted tensor product of the associative unital algebras A and U is a new associative unital 
algebra structure built on the linear space A 0 B with the help of a linear map R : B 0 A —)• A 0 B 
called a twisting map. This construction, denoted by A B, appeared in several contexts and 
has various applications Concrete examples come especially from Hopf algebra theory, 

like for instance the smash product. 

It was proved in [7] that twisted tensor products of algebras may be iterated. Namely, if 
A B, B C and A C are twisted tensor products and the twisting maps i?i, R 2 , R 3 
satisfy the braid relation {idA®R 2 )°{R 3 ®idB)°{idc®Ri) = {Ri®idc)o{idB®R 3 )°{R 2 ®idA)., 
then one can define certain twisted tensor products A 0X2 ®R 2 C) and {A B) C that 

are equal as algebras (and this algebra is called the iterated twisted tensor product). 

The Brzezinski crossed product, introduced in [T], is a common generalization of twisted 
tensor products of algebras and the Hopf crossed product (containing also as a particular case the 
quasi-Hopf smash product introduced in [3]). If A is an associative unital algebra, U is a linear 
space endowed with a distinguished element ly and a -.V < 0 V ^ A 0 V and R:V 0 A^ A 0 V 
are linear maps satisfying certain conditions, then the Brzezinski crossed product is a certain 
associative unital algebra structure on A ig) U, denoted by A 0R^cr V. 

In [9] was proved that Brzezinski crossed products may be iterated, in the following sense. 
One can define first a ’’mirror version” of the Brzezinski crossed product, denoted by lU(8>p,i/D 
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(where D is an associative unital algebra, W is a linear space and P, v are certain linear maps). 
Examples are twisted tensor products of algebras and the quasi-Hopf smash product introduced 
in [ 2 ]. Then it was proved that, if W®p^yD and D V are two Brzezihski crossed products 
and Q : V ^ W ® D is a linear map satisfying some conditions, then one can define 
certain Brzezihski crossed products {W®p^i,D) V and W®-py{D ( 8 )_r,o- V) that are equal 
as algebras. Iterated twisted tensor products of algebras appear as a particular case of this 
construction, as well as the so-called quasi-Hopf two-sided smash product A^H^B from [ 3 ]. 

The aim of this paper is to show that Brzezihski crossed products may be iterated in a 
different way, that will also contain as a particular case the iterated twisted tensor product of 
algebras. Namely, we prove that, if A®p^(jV and A®p^i,W are two Brzezihski crossed products 
and Q:W(SiV-^V(^W is a linear map satisfying certain properties, then we can define two 
Brzezihski crossed products A iSis,e {V ® W) and {A V) ®T,r) W that are equal as algebras. 

Our inspiration for looking at this new way of iterating Brzezihski crossed products came 
from the following result in graded ring theory: If G is a group, R is a G-graded ring, A and 
B are two finite left G-sets, then there exists a ring isomorphism between the smash products 
R#{A X B) and {Ri^A)#B. This result was obtained in O Corollary 3 . 2 ], and it is useful in the 
study of the von Neumann regularity of rings of the type Rif^A, cf. [ 5 ]. The smash product Ri^A 
of the G—graded ring i? by a (finite) left G—set A was introduced in the paper [ 8 ] and it is a 
particular case of a more general construction. If is a Hopf algebra, R an i?—comodule algebra 
and G an //—module coalgebra, then we may consider the category of Doi-Koppinen 

Hopf modules (i.e. left /?—modules and left G—comodnles which satisfy certain compatibility 
relations). Then, the smash product R#A used in [ 5 ] is a particular smash product and it is the 
first example in the category (in the case when H is the groupring k[G], R a G—graded 

ring and G the grouplike coalgebra k[A\ on a G—set A). 

1 Preliminaries 

We work over a commntative field k. All algebras, linear spaces etc. will be over k; nnadorned 
( 8 ) means ( 8 )fc. By ’’algebra” we always mean an associative unital algebra. The mnltiplication of 
an algebra A is denoted by ha or simply h when there is no danger of confnsion, and we nsually 
denote ha{<^ ® o!) = aa' for all a, a' G A. The unit of an algebra A is denoted by 1 a or simply 1 
when there is no danger of confnsion. 

We recall from that, given two algebras A, B and a /c-linear map R : B® A ^ A®B, 

with Sweedler-type notation R{b ® a) = ap® bp, for o G A, 6 G B, satisfying the conditions 
ap^lp = a^l, lp0bp = 10b, {aa')p 0bp = apa'^ 0 {bp)r, ap 0 {bb')p = {ap)r 0 hrb'^, for all 
a,a' (z A and b,b' ^ B (where r and R are two different indices), if we define on A ( 8 ) H a new 
mnltiplication, by (a 0 b){a' 0 b') = aa'^ 0 bpb', then this mnltiplication is associative with unit 
1 ( 8 ) 1 . In this case, the map R is called a twisting map between A and B and the new algebra 
structure on A ( 8 ) H is denoted by A 0 p B and called the twisted tensor produet of A and B 
afforded by the map R. 

We recall from [T] the constrnction of Brzezihski’s crossed product: 

Proposition 1.1 (l^) Let {A,h,1a) be an (associative unital) algebra and V a vector space 
equipped with a distinguished element ly G H. Then the vector space A0V is an associative 
algebra with unit 1 a01v o.nd whose multiplication has the property that {a0lv){b0v) = ab0v, 
for all a, / G A and v G V, if and only if there exist linear maps a : V 0 V -A A 0V and 
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R :V ® A ^ A®V satisfying the following conditions: 


R{lv ® a) = a (8> ly, R{v ® 1a) = 1a ® V a € A, u € F, (1.1) 

a{lv 'Siv) = a{v ^ly) = Ia^v, V v G V, (1.2) 

R o [idy ® /i) = (^ ® idy) o [idA ^ R) o (R0 idA), (1.3) 

(/U 0 idy) o {idA <8) cr) o (i? (g) idy) o {idy g) a) 

= (/X g idy) o {idA g (t) o (a g idy), (1.4) 

{fi g idy) o {idA g cr) o (i? g idy) o {idy g R) 

= (/X g idy) o (idA g d?) o (cr g idA). (1-5) 

// i/iis is the case, the multiplication of A®V is given explicitly by 

hA®v = {h2 g idy) o {idA g idA g cr) o (idA g d? g idy), 


where H2 = {idA g /u) = ^ o (^ g idA). denote by A g_R,o-1^ this algebra structure and call 
it the crossed product (or Brzezihski crossed product) afforded by the data {A,V, R,a). 

If A g_R,o-is a crossed product, we introduce the following Sweedler-type notation: 

R : V ® A ^ A 0 V, R{v g a) = or g vn, 
a : V ^ V ^ A ^ V, a{v g v^) = cri(u, v') g (T 2 {v, v'), 

for all v,v' gV and a G A. With this notation, the multiplication of A g_R,o- V reads 

{a ^ v){a'iSi v') = aa'j^ai{vR,v') ^ a2{vji,v'), 'i a,a' G A, v,v' gV. 


A twisted tensor product is a particular case of a crossed product (cf. [6]), namely, if Ag/jdd 
is a twisted tensor product of algebras then A i^ir B = A g_R,o- B, where criddgdd—)>Agddis 
given by a{b g b') = 1a g bb', for all b, b' G B. 


Remark 1.2 The conditions Id.dl) . jl.fl ) and Id.51) for R, a may be written in Sweedler-type 
notation respectively as 


{aa')R®VR = aRa(®{vR)r, ( 1 . 6 ) 

0 - 1 ( 2 /, z)Rai{xR, a 2 {y, z)) g a 2 {xR, a 2 {y, z)) 

= (Ti{x,y)(Ti{a 2 {x,y),z) ^ a 2 {o- 2 {x,y), z), (1.7) 

{aR)rO-i{vr,v'ji) g a2{vr,v'^) = ai{v,v')aR g CF2{v,v')r, (1.8) 

for all a,a' G A and x,y,z,v,v' G V, where r is another copy of R. 


2 The main result and examples 

Theorem 2.1 Let A gi?,cr V and A®p^yW be two crossed products and QiITgF—)-I5gW 
a linear map, with notation Q{w g u) = uq g wq, for all v gV and w G W. Assume that the 
following conditions are satisfied: 

(i) Q is unital, in the sense that 

Q{lw g u) = u g Iw, Q{w g ly) = ly g tc, ^ v GV, w GW. (2.1) 
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(a) the braid relation for R, P, Q, i.e. 


{idA 0 Q) o (P 0 idy) o {idw 0 i?) = (P 0 idw) o {idy 0 P) o (Q 0 idyl), (2.2) 
or, equivalently, 

{aR)p 0 {vr)q 0 {wp)q = {ap)R 0 {vq)r 0 (u?( 3 )p, V a G A, u € y, w € VF. (2.3) 
(Hi) we have the following hexagonal relation between a, P, Q: 

{idA 'Si Q) o {P igi idy) o {idw S cr) = {a S idw) ° {idy S Q) o {Q S idy), (2.4) 
or, equivalently, 

CFi{v,v')p 0 a 2 {v,v')Q 0 {wp)q = ai{vQ,v'q) 0 CF 2 {vQ,Vq) 0 {wQ)q, (2.5) 

for all v,v' €V and w € W, where q is another copy of Q. 

(iv) we have the following hexagonal relation between v, R, Q: 

{idA S Q) o {y S idy) = (P 0 idw) ° {idy S v) o {Q S idw) ° {idw 0 Q), (2.6) 

or, equivalently, 

Vl{w,w') SVqS V 2 {w,w')q = yi{Wq,w'Q)R 0 {{vQ)q)R 0 y2{Wq,WQ), (2.7) 

for all V € V and w,w' € W, where q is another copy of Q. 

Define the linear maps 

S : {V SW)SA^ AS{V SW), S :={RS idw) ° {idy S P), 
e : {V SW) S {V SW) ^ As {V SW), 

9 := {p,A 0 idy 0 idw) ° {idA 0 P 0 idw) o {a S n) o {idy S Q S idw), 

T :W S{ASV) ^ {ASV)SW, T := {idA S Q) o {P S idy), 
p : W S W ^ {A S V) S W, 

r]{w 0 w') = {yi{w, w') 0 ly) 0 y 2 {w, w'), 'd w,w' G W. 

Then we have a crossed product A Ss,e {V S W) (with respect to ly^w ■= S 'i-w), we have 
a crossed product {A Sr, a V) ST,ri W and we have an algebra isomorphism A Ss,e {V 0 W) ~ 
{A Sr, a y) ST,ri W given by the trivial identification. 

Proof. We prove first that A Ss,e {V S W) is a crossed product, i.e. we need to prove the 
relations (|l.ip - (ll.5p with P replaced by S, a replaced by 9 etc. The relations (|l.ip and 
follow immediately by (|2.1I) and the relations o and (na) for P, a and P, y. Note that the 
maps S and 9 are defined explicitely by 

S{v SwSa) = {ap)R SvrS wr, 

9{vSwSv' S w') = oi{v,v'Q)yi{wQ,w')R 0 a 2 {v,v'Q)R 0 y 2 {wQ,w'), 

for all V, v' G V, w,w' G W and a G A. We will denote hyR = r = TZ = R, Q = q = Q and 
P = p some more copies of P, Q and P. 

Proof of (II.3h : 
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S o [idv ® idw <8> fJ'A){v w 0 a a') 


= S{v w aa') 
lll.GIl / / S /X 

= {O'PO^pjR ® Vr ® yWpjp 

{<lp)R{a!p)r ® {vR)r ® {wp)p 

= {fiA < 8 ) idv ® idw){{ap)R ® {ap)r ® ('yp)r < 8 > {'Wp)p) 

= {ha ® idv ® idw) ° {idA ® <S')((ap)p ^vr® wr (8> a') 

= {ha <8> idv ® idw) ° {idA <8) 5') o (5 (8) idA){v 0 w ® ai^ a'), q.e.d. 

Proof of (11.41) : 

{ha 8 idv 8 idw) ° {idA 8 0) o (S' 8 idv 8 idiy) o (idy 0 idw ^ 0){v wSi v' w' ^ v" iSi w") 
= {ha 8 idv 8 zdiy) o {idA 8 d) o (S 8 idv 8 idw){v 8 tr’ 8 cri(p', Vq)vi{wq,w'')r 

^Cr2{v', Vq)r 8 P2(W'Q, «^")) 

= 8 idy 8 idpy) o (zd^ 8 9){{[ai{v',VQ)vi{wQ,w'')R]p)r 0Vr ^wp 

^cr2{v', Vq)r 8 P2{wq,w'')) 

= {Wl{v',VQ)Pl{wQ,w'')R]p)rai{Vr, {a 2 {v' , Vq) R)q)vi{{wp)q, V 2 {Wq, w"))ti 
0a2{Vr, {cr2{v', PQ)p)q)p 8 V 2 {{wp)q, V 2 {w'q,w'')) 

i| 1. 6| i 

= {cri{v\vQ)p{vi{w'Q,w'')R)p)rCri{Vr, {cr2{v',V q)R) q)vi{{{wp)p)q,V2{w'Q,w"))n 
m2{Vr, {cr2{v',VQ)R)q)n 8 V2{{{wp)p)q,P2{w'Q,w'')) 

^ {Mv', VQ)p)j^{{vi{wQ,w")R)p)rai{{Vj^)r, {(72 {v', VQ)R)q)Pl{{{wp)p)q, V2 {w'q,w''))r 

®(72{{vP)r, {(72{v' ,VQ)R)q)n 8 ^2 (((w^p)p)g, ('»^Q, W'")) 

(I2.3l i 

= {(7l{v', VQ)p)j^{{vi{w'Q,w'')p)R)r(7l{{Ppl)r, {(72{v', (((«^p)q)p, V 2 {w'q,w''))r 

®(72{{v^)r, {(72 {v',VQ) q)R)'R 8 P 2 {{{wp)q)p, P 2 {Wq, w")) 

^ {( 7 l{v', VQ)p)^ai{'l^, a 2 {v', VQ)q){vi{wQ,w")p)RVl{{{wp)q)p, V 2 {wQ,w"))n 

®{(72{'f7R, (72 {v',VQ) q)R)n 8 V2{{{wp)q)p,P2{w'Q,w")) 

= (7l{v'Q,{vQ)q)^ai{p^,a2{v'-^,{vQ)q)){vi{w'Q,w'')p)RVi{{{wQ)q)p,V2{w'Q,w"))n 

®{(72{'i7R, ^2 {v'q, {vQ)q))R)n 8 R2{{{wQ)q)p, ^w'q, w")) 

= CJl(z;, V®)ai{a2{v, V®), {vQ)q){Pl{w'Q, w'')p)RVl{{{wQ)q)p, U2{wQ,w''))n 
®{(72{(72 {v,V®), {vQ)q)R)n ^ V2{{{wQ)q)p,P2{wQ,w'')) 

J 1. 6l i 

= CJl {v, V^)ai{a 2 {v, , {v'^)q) [ui {w'q, w'')pUl{{{wQ)q)p, P 2 {w'q, w"))]r 

®a2{(J2{v, V^), {v'^)q)R 8 K2{{{u^)g)p, R2 {Wq,w")) 

= ai{v, V®)ai{a 2 {v, V®), {vQ)q)[Pl{{vjQ)q,WQ)vi{v 2 {{wQ)q, Wq),w'')]r 
®a2{(J2{v, V®), {v'^)q)R 8 l22{K2{{y7Q)q, w'q),w") 
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= ai{v, v!^){[vi{{wQ)q, w'Q)vi{v 2 {{wQ)q, w'q) , w")]R}rCri{a 2 {v, v!^)r, i{vQ)q)R) 

®a2i(J2iv, V^)r, i{vQ)q)R) O Z^2(i^2((«^Q)g, w'q),w'') 

= ai{v, v'-^)[Ri{{'WQ)q, w'Q)RUi{v2{{wQ)q, w'q), w'')n]rai{a2{v, v!^)r, {{{vQ)q)R)n) 

0C72(o-2(u, v'-^)r, {{{vQ)q)R)n) ® ^^2 (z"2 ((w^)g, w'q),w") 

= ai{v, v'-^)[vi{Wq, w')vi{v 2 {Wq, w’)Q,w")'R]rai{a 2 {v, v'-^)r, {vq)^) 

®a2{(J2{v, V^)r, {VqM ® U2{u2{Wq, w')q,w") 

^ cri(u, v!^)ui{vJq, w')r{ui{u2{wq, w')Q,w")Tl)rCri{{a2{v, v!Q)R)r, {vq)^) 
®0-2((cr2(u,t)^)ij)r, (vq)r) 0 1 ^ 2 ( 1 ^ 2 ( 11 ^, w')q,w") 

cri(t>, v'-q)vi(Wq, w')Rai(a 2 (v, v'-^)r, Vq)i'i(v 2 (Wq, w')Q,w'')r 
0a2(cf2(v,v'-^)R,VQ)r 0 1'2 (MWq, w')q,w'') 

= (HA 0 idv 0 idw)(<Tl(v,v'-^)vi(vCtQ,w')R 0 (yi(a2(v,v'-^)R,VQ)vi(v2(wQ,w')Q,w'')r 
0a2(a2(v,V^)R,VQ)r 0 MM'Wq, w')q,w'')) 

= (pLA 0 idv 0 idw) ° (idA 0 0)((yi(v,v'Q)i'i(wQ,w')R 
0 O- 2 (v, v'q)r 0 1 ^ 2 (Wq, w') 0 v" 0 w") 

= (pLA 0 idv 0 idw) ° (idA 0 0) o (9 0 idv 0 idw)(v 0 w 0 v' 0 w' 0 v" 0 w"), q.e.d. 
Proof of (11.51) : 

(pA 0 idv 0 idw) ° (idA 0 9) o (S 0 idv 0 idw) ° (idv 0 idw 0 S)(v 0 w 0 v' 0 w' 0 a) 

= (pa 0 idv 0 idw) ° (idA 0 9) o (S 0 idv 0 idw)(v 0w0 (ap)R 0 v'r 0 w'p) 

= (pA 0 idv 0 idw) ° (idA 0 0)((((ap)j?)p)r 0 Vr 0 Wp 0 Vr 0 w'p) 

= (((ap)R)p)rO-l(Vr, (v'r)q)vi((Wp)q,w'p)ti 0 a 2 (Vr, (Pp)(^)7^ ® 1 ^ 2 ((Wp)Q ,w'p) 

= (((ap)p)R)r(yi(Vr, (v'q)r)vi((wq)p, w'p)n 0 cr2(vr, (v'q)r)'R. 0 M(wq)p, w'p) 

= (yi(v,v'Q)((ap)p)Ri^i((wQ)p,w'p)n 0 (o-2(v,v'q)r)tz 0 V2((wQ)p,w'p) 

j 1 .6|i 

= ^Q)l(ap)p^l(('>^Q)p, w'p)]r 0 (T 2 (v, v'q)r 0 V 2 ((wq)p, w'p) 

= CFi(v,v'Q)[vi(wQ,w')ap]R0a2(v,v'Q)R 0 P2 (wq,w')p 

j 1 .6li 

= ai(v,v'Q)ui(wQ,w')R(ap)r 0 ((J2(v,v'Q)R)r 0 V2 (wq,w')p 

= (pa 0 idv 0 idw) ° (idA 0 S)(ai(v,v'Q)vi(wQ,w')R 0 a 2 (v,v'Q)R 0 V 2 (wq,w') 0 a) 

= (pA 0 idv 0 idw) ° (idA 0 S) o (9 0 idA)(v 0w0v'0w'0a), 

so A 0sp (V 0 W) is indeed a crossed product. With a similar computation one can prove that 
(A0R^fj V) 0T,p VP is a crossed product, so the only thing left to prove is that the multiplications 
of A 0sp (V 0 W) and (A 0R^a V) 0T,ri VP coincide. A straightforward computation shows that 
the multiplication of A 0sp (V 0 VP) is given by the formula 

(a0v0 w)(a 0v' 0w') = a(a'p)Tiai(v'R,v'Q)vi((wp)Q,w')r 0 CF 2 (vn,v'Q)r 0 P 2 ((wp)q,w'). 
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We compute now the multiplication of {A V) ®T,r) W: 

{a®v®w) (o' ®v'®w') 

= (a (8) v){a' 0 v')t'>Ji{wt, w') 0 ?? 2 ('fi'T, w') 

= (a 0 v){a'p 0 VQ)rji{{wp)Q,w') 0 rj2{{wp)Q,w') 

= (a 0 u)(ap 0 0 ly) 0 y2((w^p)Q, 

= (a 0 u)(apyi((i(;p)( 3 ,ic')p 0 (vQ)ij) 0 V 2 {{wp)q,w') 

= a[a'pVi{{wp)Q,w')R]rai{Vr, {v'q)r) 0 0 - 2 ^, ('yQ)p) 0 V 2 {{wp)q,w') 

j , 0[ | 

= a{ap)n{iyi{{wp)Q,w')R)rai{{V'R)r, {v'q)r) 0 (y2{{vn)r, {v'q)r) 0 Z^2(('»^p)q, 

j 

= a{ap)n<yi{vn, v'Q)vi{{wp)Q,w')r 0 <T2{vn, v'q^ 0 P2((w^p)q, 

and we can see that the two multiplications coincide. □ 

Example 2.2 We recall from [7] what was called there an iterated twisted tensor product of 
algebras. Let A, B, C be associative unital algebras, Ri ■. B ® A ^ A® B, R 2 C ®B ^ B®C, 
R^ ■. C ® A ^ A® C twisting maps satisfying the braid equation 

{idA 0 R 2 ) o (i ?3 < 2 ) ids) o {idc 0 Ri) = {Ri 0 idc) o {idp 0 Rz) ° {R 2 0 ^^a)- 

Then we have an algebra structure on ^4 0 i? 0 C (called the iterated twisted tensor product) 

with unit lyi 0 Ip 0 Ic and multiplication 

(a 0 6 0 c)(a' 0 6 ' 0 c') = a{a'p.^)R^ 0 0 (cp 3 )p 2 c'. 

We define V = B, W = C, R = Ri, P = R 3 , Q = R 2 and the linear maps 

a :V0V ^ A0V, ( 7(6 0 6 ') = U 0 bb', V 5, 6 ' € V, 

V -.W ®W A0W, y(c 0 c') = lyi 0 cc', V c, c' G W. 

Then, for the crossed products A 0p,o- V = A 0^^ B, A iSip^u W = A 0^3 C and the map 

Q, one can check that the hypotheses of Theorem 12.11 are satisfied and the crossed products 
A 1^3,6 (V 0 W) = {A ®R^cr y) ®T,rj W (notation as in Theorem 12.ip coincide with the iterated 
twisted tensor product. 

Example 2.3 Let A®r^„V he a crossed product andW an (associative unital) algebra. Define 
the linear maps 

P : W ^ A ^ A W, P{w ® a) = a®w, V a G A, rc G W, 
y:lT0W—)-^0lT, v{w 0 w') = l^i 0 ww', M w,w' ^ W, 

so we have the crossed product ^ 0pp W which is just the ordinary tensor product of algebras 
A 0 W. Define the linear map Q -.W ®V ^ V ® W, Q{w 0 u) = u 0 rc, for all v &V, w & W. 
Then one can easily check that the hypotheses of Theorem \2.1\ are satisfied. 
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